
The Mathematical Model and Analysis of Hepatitis B Virus with Screening,
Vaccination, and Treatment
Adamu Musa Garba¹*, Pramod Mehta¹, Karuna Laddha¹, Abubakar Sulaiman Muhammad¹, Najib Bello Halilu¹, Kabiru 
Isah¹, Usman Sani Shehu2, Sunusi Abdullahi Salihi3, Isah Tasi’u Basiru¹, Maryam Isah¹

1Department of Mathematics, Mewar University, India
2Department of Mathematics, Kano University of Science and Technology, Wudil, Nigeria
3Department of General Studies, Federal University of Science and Technology, Kabo, Nigeria

*Correspondence to: Adamu Musa Garba, Department of Mathematics, Mewar University, India, E-mail: adamugarbamusa16@gmail.com

Received: September 26, 2026; Manuscript No: JMPM-26-2767; Editor Assigned: October 07, 2026; PreQc No: JMPM-26-2767 (PQ); 
Reviewed: October 16, 2026; Revised: October 19, 2026; Accepted: October 22, 2026; Published: November 10, 2026

Citation: Garba AM, Mehta P, Laddha K, Abubakar SM, Halilu NB, Isah K, et al (2026). The Mathematical Model and Analysis of 
Hepatitis B Virus with Screening, Vaccination, and Treatment. J. Math. Phys. Mech. Vol.1 Iss.1, November (2026), pp:329-351.

Copyright: © 2026 Adamu Musa Garba, Pramod Mehta, Karuna Laddha, Abubakar Sulaiman Muhammad, Najib Bello Halilu, Kabiru Isah, 
Usman Sani Shehu, Sunusi Abdullahi Salihi, Isah Tasi’u Basiru, Maryam Isah. This is an open-access article distributed under the terms of the 
Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original 
author and source are credited.

ABSTRACT
This study develops a deterministic compartmental model for HBV transmission that extends existing frameworks by incorporating two 
distinct infectious stages–acute (Ia) and chronic (Ic)–alongside vaccination, screening, quarantine, and treatment. The model divides 
the population into seven compartments: vaccinated newborns (M), susceptible (S), exposed (E), acute infected (Ia), chronic infected (Ic), 
quarantined (Q), and recovered (R). We establish the feasible region and prove that the model is biologically well-posed. Using the next-
generation matrix method, we derive the basic reproductive number (R0). We show that the disease-free equilibrium is locally 
asymptotically stable when R0<1 and unstable when R0>1. Applying the comparison theorem, we further establish the global asymptotic 
stability of the disease-free equilibrium in the feasible region whenever R0<1. We also demonstrate the existence and uniqueness of a 
positive endemic equilibrium when R0>1. Analytical sensitivity indices identify the key parameters driving disease transmission. In the 
absence of real-world epidemiological data, numerical simulations were conducted using the Grey Wolf Optimizer (GWO) to 
estimate model parameters from synthetic observed data generated with 5% Gaussian noise. This approach successfully demonstrated the 
identifiability of the model and confirmed the analytical findings, showing that increasing vaccination (σ)and treatment (ψc) rates reduce , 
with the disease eliminated when R0<1. The results provide a quantitative basis for integrated HBV control combining vaccination, 
treatment, and quarantine of chronic carriers.

Keywords: Hepatitis B Virus; Basic Reproductive Number; Stability Analysis; Endemic Equilibrium; Sensitivity Analysis; Numerical 
Simulation

INTRODUCTION

Hepatitis B virus (HBV) infection continues to be a significant global public health burden, with mortality rates increasing as 
other major infectious diseases decline. Approximately 296 million people worldwide are living with chronic HBV infection, 
which is the main cause of hepatocellular carcinoma (liver cancer) and cirrhosis [1]. According to the World Health 
Organization's Global Hepatitis Report, 2024, an estimated 1.1 million fatalities per year were attributed to this significant health 
issue in 2022 alone . Along with tuberculosis, viral hepatitis is often the second most common infectious cause of 
mortality globally, accounting for 1.3 million deaths annually. However, it only receives a small portion of the global health 
financing allocated to other epidemics [2]. Due primarily to stalled prevention pipelines, projections toward the 2030 
Sustainable Development Goals (SDGs) are currently off track; timely birth-dose vaccination coverage is only 45% worldwide, 
and it falls to 18% in the WHO African region, where the disease incidence is most concentrated [2].

In order to assess intervention pathways and distribute resources as efficiently as possible under such circumstances, 
mathematical modeling is essential for understanding transmission dynamics and predicting the long-term consequences of 
control measures [3]. In theoretical epidemiology, deterministic compartmental models are frequently used to simulate 
HBV prevalence and evaluate the structural efficacy of various immunization protocols [4]. In the present HBV literature, 
ordinary differential equation (ODE) models with five or six compartments are common. Five-compartment models 
frequently stratify populations into susceptible, latent, acute, carrier, and immune classes, whereas six-compartment models 
further split the immune state into naturally recovered and actively vaccinated divisions [5].
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Several types of models have been created to study dynamics of HBV transmission. For example, developed an MSEIR model that 
merged neonatal vaccination with an antiviral treatment [6]. They used the next-generation matrix technique to find the basic 
reproduction number R0 and performed extensive stability and sensitivity analyzes. Their findings indicate that raising the rates of 
adult vaccination  (δ),newborn immunization (α) and curative therapy (ψ) significantly lowers and causes the system to transition 
from an endemic equilibrium to a state free of disease. In addition, employed optimal control theory to demonstrate that an 
interaction strategy that combines rapid antiviral medication with intense vaccination is the most economical management strategy 
for lowering HBV transmission [7]. Furthermore, constructed a non-linear mathematical model integrating migration, screening, 
vaccination, and treatment vectors, identifying the most sensitive parameter regimes dictating long-term epidemic severity [8].

Apart from these discoveries, the modeling frameworks currently in use have serious structural flaws that prevent them from 
accurately reflecting the actual natural history of the disease. For example, the model developed by groups all infected individuals 
into a single compartment [6]. The epidemiological and clinical differences between the acute and chronic stages of HBV infection 
are disregarded by this method. According to the clinical reality of HBV dictates a very specific natural history: a brief, highly viral 
acute stage followed by either clearance or a prolonged, lifelong chronic carrier state, which accounts for the majority of HBV-related 
morbidity and liver-related mortality [9]. Furthermore, these base models have not sufficiently considered the possible effects of 
public health actions such as screening, quarantine, or behavioral isolation of diagnosed chronic infectious patients.

In this work, we extended the model by introducing a quarantine compartment (Q) for isolated chronic cases and dividing the single 
infectious compartment into an acute infectious class (Ic) and a chronic infectious class (Ic) [6]. The resulting seven-compartment M-S-
E-Ia-Ic-Q-R model effectively depicts the many phases of HBV infection natural history. To simplify the analysis, all state variables were 
normalized to represent proportions that add up to unity.

The current study focuses exclusively on the theoretical analysis of the model, including the following:

• The basic reproduction number was derived using the next-generation matrix method [10-11];
• local and global stability of the disease-free equilibrium;
• Existence and uniqueness of the endemic equilibrium;
• Analytical sensitivity indices were used to identify the key parameters influencing disease transmission;
• Numerical simulations using the Grey Wolf Optimizer (GWO) for parameter estimation and validation of theoretical results.

Using the comparison theorem , we demonstrate that if R0<1, the disease-free equilibrium is globally asymptotically stable, indicating 
that the diseases eventually disappear from the population regardless of the initial conditions. Conversely, if R0>1, the infection 
persists, and a unique endemic equilibrium exists. Numerical simulations and parameter estimation using the GWO algorithm 
are performed to validate the theoretical results, while optimal control strategies will be addressed in a separate study [11,13-15].

The remainder of this paper is organized as follows. Section 2 presents the model formulation. Section 3 contains the mathematical 
analysis, including the derivation of , stability analysis, endemic equilibrium, and sensitivity analysis. Section 4 presents the 
numerical simulations. Section 5 provides a discussion of the results. Section 6 concludes the paper.

Model Formulation

The HBV model classifies the population at any time denoted by N(t) into vaccinated newborns M(t), Susceptible individuals 
S(t) , Exposed individuals E(t), Acute infected individuals Ia(t), Chronic infected individuals Ic(t), Quarantined individuals Q(t), 
and Recovered individuals R(t). A basic assumption of the model is that the birth rate equals the natural death rate , maintaining a 
constant population . A proportion of newborns are vaccinated at birth and migrate to , with vaccine immunity waning at rate of . 
The force of infections λ=βa Ia +βc Ic, represents the rate at which susceptible individuals acquire HBV infection from infectious
individuals. Acute cases can progress to chronic infection at rate θ. Chronic cases are quarantined at rate , and susceptible individuals 
receive prophylaxis at rate . The Quarantined (Q)compartment represents diagnosed chronic carriers who are effectively removed 
from the infectious population through screening, counseling, and behavioral isolation. Unlike respiratory isolation, this state 
signifies the cessation of high-risk transmission behaviors (e.g., needle-sharing or unprotected contact) following medical diagnosis at 
rate . These individuals recover(R) via antiviral treatment at rate or leave the population due to the natural mortality . The flow 
diagram of the model is shown in Figure 1.

Figure 1 : Flow Diagram of HBV with Acute, Chronic Infection, and Quarantine

According to the assumptions and the above flow diagram, we obtain the following system of ordinary differential equations:
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𝑑𝑀

𝑑𝑡
=  𝛼𝜇 − (𝜑 + 𝜇)𝑀 

𝑑𝑆

𝑑𝑡
= (1 − 𝛼)𝜇 + 𝜑𝑀 + 𝛾𝑅 − (𝜆 + 𝜇 + 𝜎)𝑆 

𝑑𝐸

𝑑𝑡
=  𝜆𝑆 − (𝜂 + 𝜇)𝐸 (2.1) 

𝑑𝐼𝑎
𝑑𝑡

= 𝜂𝐸 − (𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)𝐼𝑎 

𝑑𝐼𝑐
𝑑𝑡

= 𝜃𝐼𝑎 − (𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐)𝐼𝑐  

𝑑𝑄

𝑑𝑡
= 𝑞𝐼𝑐 − (𝜓𝑞 + 𝜇)𝑄 

𝑑𝑅

𝑑𝑡
=  𝜎𝑆 + 𝜓𝑎𝐼𝑎 + 𝜓𝑐𝐼𝑐 + 𝜓𝑞𝑄 − (𝛾 +  𝜇)𝑅 

The non-negative initial conditions of the model system above are 

𝑀(0) > 0, 𝑆(0) ≥ 0, 𝐸(0) ≥ 0, 𝐼𝑎(0) ≥ 0, 𝐼𝑐(0) ≥ 0, 𝑄(0) ≥ 0, 𝑅(0) ≥ 0. 

Parameter Description Unit Source 

𝜇 Natural birth equal to natural death 𝑌𝑒𝑎𝑟−1 [6] 

𝛼 Proportion of recruitment into 𝑀 Dimensionless [6] 

𝜑 Waning vaccine immunity 𝑀 to 𝑆 𝑌𝑒𝑎𝑟−1 [6] 

𝛽𝑎 Contact rate, acute class 𝑌𝑒𝑎𝑟−1 This study 

𝛽𝑐 Contact rate, chronic class 𝑌𝑒𝑎𝑟−1 This study 

𝜎 Prophylaxis rate from 𝑆 to 𝑅 𝑌𝑒𝑎𝑟−1 This study 

𝛾 Waning natural immunity from 𝑅 to 𝑆 𝑌𝑒𝑎𝑟−1 [6] 

𝜂 Progression rate from 𝐸 to 𝐼𝑎 𝑌𝑒𝑎𝑟−1 [6] 

𝜓𝑎 , 𝜓𝑐 , 𝜓𝑞  Recovery rates (acute, chronic, quarantine) 𝑌𝑒𝑎𝑟−1 [16] 

𝜃 Progression rate from 𝐼𝑎 to 𝐼𝑐 𝑌𝑒𝑎𝑟−1 [9] 

𝑞 Quarantine rate from 𝐼𝑐 to 𝑄 𝑌𝑒𝑎𝑟−1 This study 

𝑑𝑎 , 𝑑𝑐  Disease-induced death (acute, chronic) 𝑌𝑒𝑎𝑟−1 This study 

Table 1: Model parameters, descriptions, and sources 
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+
+

Model Analysis

Using the approach of [13], we first show that all feasible solutions are uniformly bounded in 𝛤 ∈

ℝ7 . The feasible region 𝛤 with 𝛤 = {(𝑀, 𝑆, 𝐸, 𝐼𝑎 , 𝐼𝑐 , 𝑄, 𝑅) ∈ ℝ :7 𝑁 ≤ 1} is considered. 

Addition of all equations of the model system (2.1) give us 

𝑑𝑁(𝑡)

𝑑𝑡
= 𝜇 − 𝜇𝑁 − 𝑑𝑎𝐼𝑎 − 𝑑𝑐𝐼𝑐 (3.1) 

≤ 𝜇 − 𝜇𝑁 (3.2) 

Since 𝑑𝑎𝐼𝑎 ≥ 0 and 𝑑𝑐𝐼𝑐 ≥ 0

𝑑𝑁

𝑑𝑡
+ 𝜇𝑁 ≤ 𝜇 (3.3) 

Multiply both by integrating factor 𝑒𝜇𝑡 

𝑒𝜇𝑡
𝑑𝑁

𝑑𝑡
+ 𝜇𝑒𝜇𝑡𝑁 ≤ 𝜇𝑒𝜇𝑡 (3.4) 

𝑑

𝑑𝑡
(𝑒𝜇𝑡𝑁(𝑡)) ≤ 𝜇𝑒𝜇𝑡 (3.5) 

Integrate from 0 to 𝑡 

𝑒𝜇𝑡𝑁(𝑡) − 𝑁(0) ≤ 𝜇 ∫ 𝑒𝜇𝑠𝑑𝑠
𝑡

0

(3.6) 

𝑒𝜇𝑡𝑁(𝑡) − 𝑁(0) ≤ 𝑒𝜇𝑡 − 1 (3.7) 

Solve for 𝑁(𝑡) 

𝑁(𝑡) ≤ 1 + (𝑁(0) − 1)𝑒−𝜇𝑡 (3.8) 

Then 0 ≤ 𝑁 ≤ 1 as 𝑡 → ∞ 

Therefore, 1 is an upper bound of 𝑁(𝑡), provided 𝑁(𝑡) ≤ 1. Hence, the feasible solution of the model 
system (2.1) falls under the region 𝛤, which is a positively invariant set. Thus, the system is biologically 
meaningful and mathematically well-posed in the domain of 𝛤. In this domain, it is sufficient to consider 
the dynamics of the flow generated by the model system (2.1). Therefore, we  hold the result in the

+
7hold the result in the following lemma, that the closed set {(𝑀, 𝑆, 𝐸, 𝐼𝑎 , 𝐼𝑐 , 𝑄, 𝑅) ∈ ℝ : 𝑁 ≤ 1} is 

positively invariant [10]. Existence and uniqueness follow from the Picard-Lindelöf theorem because the 

right-hand side is locally Lipschitz.

All parameters are defined on an annual scale (Year ¹) to account for the long-term chronic dynamics of HBV 
and human life expectancy. This annual scale is consistently applied in the 200-year simulation horizon 
presented in Section 5.
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Disease-Free Equilibrium (DFE) 

Let ℰ0  = (𝑀0, 𝑆0, 𝐸0, 𝐼𝑎
0, 𝐼𝑐

0, 𝑄0, 𝑅0) be the solution of system (2.1). Suppose both

𝐸0 = 𝐼𝑎
0 = 𝐼𝑐

0 = 0 and substituting 𝜆 = 0, 𝐸 = 𝐼𝑎 = 𝐼𝑐 = 𝑄 = 0

In system (2.1), this gives 

(3.9) 

𝛼𝜇 − (𝜑 + 𝜇)𝑀 = 0   

(1 − 𝛼)𝜇 + 𝜑𝑀 + 𝛾𝑅 − (𝜇 + 𝜎)𝑆 = 0

𝜎𝑆 − (𝛾 +  𝜇)𝑅 = 0 

By solving the equations, we get 

𝑀0 =
𝛼𝜇

(𝜑 + 𝜇)

𝑆0 =
(𝛾 +  𝜇)[𝜑 + (1 − 𝛼)𝜇]

(𝜑 + 𝜇)(𝛾 +  𝜇 + 𝜎)
(3.10) 

𝑅0 =
𝜎[𝜑 + (1 − 𝛼)𝜇]

(𝜑 + 𝜇)(𝛾 +  𝜇 + 𝜎)

Therefore, 𝐸0 = (𝑀0, 𝑆0, 𝐸0, 𝐼𝑎
0, 𝐼𝑐

0, 𝑄0, 𝑅0) = (
𝛼𝜇

(𝜑+𝜇)
,
(𝛾+ 𝜇)[𝜑+(1−𝛼)𝜇]

(𝜑+𝜇)(𝛾+ 𝜇+𝜎)
, 0,0,0,0,

𝜎[𝜑+(1−𝛼)𝜇]

(𝜑+𝜇)(𝛾+ 𝜇+𝜎)
)

Basic Reproductive Number ℛ0: we used the next-generation matrix method [10], [11] to calculate, let  

𝑋 = [𝐸, 𝐼𝑎 , 𝐼𝑐]𝑇 and

ℱ = [
(𝛽𝑎𝐼𝑎 + 𝛽𝑐𝐼𝑐)𝑆

0
0

],  𝒱 =

(𝜂 + 𝜇)𝐸

[(𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)𝐼𝑎 − 𝜂𝐸
(𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐)𝐼𝑐 − 𝜃𝐼𝑎

] 

Then 

𝑑𝑋

𝑑𝑡
=  ℱ(𝑋) − 𝒱(𝑋) (3.11) 

By differentiation of ℱ 𝑎𝑛𝑑 𝒱 w.r.t infected variables, we get 

𝐹 = [
0 𝛽𝑎𝑆0 𝛽𝑐𝑆

0

0 0 0
0 0 0

]  𝑎𝑛𝑑 𝑉 = [
𝐾1 0 0
−𝜂 𝐾2 0
0 −𝜃 𝐾3

] (3.12) 

Where 𝐾1 = 𝜂 + 𝜇,  𝐾2 = 𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎,  𝐾3 = 𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐 

So, 𝑉−1 =

[

1

𝐾1
0 0

𝜂

𝐾1𝐾2

1

𝐾2
0

𝜂𝜃

𝐾1𝐾2𝐾3

𝜃

𝐾2𝐾3

1

𝐾3]
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The next-generation matrix is given by 𝐹𝑉−1 

𝐹𝑉−1 = [

𝛽𝑎𝜂𝑆0

𝐾1𝐾2
+

𝛽𝑐𝜂𝜃𝑆0

𝐾1𝐾2𝐾3

𝛽𝑎𝑆0

𝐾2
+

𝛽𝑐𝑆
0𝜃

𝐾2𝐾3

𝛽𝑐𝑆
0

𝐾3

0 0 0
0 0 0

] (3.13) 

Hence, the basic reproductive number ℛ0 is given by 

ℛ0 = 𝜌(𝐹𝑉−1) =
𝛽𝑎𝜂𝑆0

𝐾1𝐾2
+

𝛽𝑐𝜂𝜃𝑆0

𝐾1𝐾2𝐾3

ℛ0 =
𝛽𝑎𝜂𝑆0

(𝜂 + 𝜇)(𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)
+

𝛽𝑐𝜂𝜃𝑆0

(𝜂 + 𝜇)(𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)(𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐)
(3.14) 

Where 𝜌(𝐹𝑉−1) is the spectral radius of the matrix (3.13). 

Local stability of the disease- free equilibrium, ℰ0 

Theorem 3.1. The disease-free equilibrium ℰ0 of the model (2.1) is locally asymptotically stable in the 

feasible region 𝛤 if ℛ0 < 1 and unstable if ℛ0 > 1. 

Proof: 

The result follows directly from Theorem 2 of [10], using the next-generation matrix 𝐹 and 𝑉 defined in 

Section 3.2. Since ℛ0 = 𝜌(𝐹𝑉−1), the eigenvalues of the Jacobian matrix evaluated at ℰ0 have negative real 

parts whenℛ0 < 1, and at least one eigenvalue has positive real part when ℛ0 > 1.

Global stability of the disease-free equilibrium, 

Theorem 3.2. The disease-free equilibrium ℰ0 of model (2.1) is globally asymptotically stable in the feasible 

region 𝛤 if ℛ0 < 1. 

Proof: 

We employ the comparison theorem, following the approach of [13]. Let 𝑋 = [𝐸, 𝐼𝑎 , 𝐼𝑐]𝑇 denote the 

vector of infected compartments. From the feasible region 𝛤 established earlier, we have 𝑆(𝑡) ≤ 𝑆0 for all 𝑡 

≥ 0. 

Hence, the force of infection satisfies: 

𝜆𝑆 = (𝛽𝑎𝐼𝑎 + 𝛽𝑐𝐼𝑐)𝑆 ≤ 𝛽𝑎𝑆0𝐼𝑎 + 𝛽𝑐𝑆
0𝐼𝑐

Therefore, the infected subsystem can be bounded above by the following linear system: 

𝑑𝑋

𝑑𝑡
≤ (𝐹 − 𝑉)𝑋, 

Where F and V are the matrices defined in (3.12). 

In particular, 
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𝐹 − 𝑉 = [
−(𝜂 + 𝜇)

𝜂
0

𝛽𝑎𝑆0

−(𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)

𝜃

𝛽𝑐𝑆
0

0
−(𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐)

] (3.14) 

Consider the associated linear comparison system 
𝑑𝑌

𝑑𝑡
= (𝐹 − 𝑉)𝑌,  𝑌(0) = 𝑋(0). 

Using the approach of next-generation matrix, the basic reproductive number is given by 

ℛ0 = 𝜌(𝐹𝑉−1),

Where 𝜌(𝐹𝑉−1) denoted the spectral radius of the next-generation matrix. Since ℛ0, all eigenvalues of 

(3.14) have negative real parts [10]. Therefore, (3.14) is a Hurwitz matrix, and zero solution of the 

comparison system is asymptotically stable. 

Consequently, 

𝑌(𝑡) → 0 𝑎𝑠 𝑡 → ∞ 

Furthermore, the matrix (3.14) has non-negative off-diagonal entries (i.e., it is cooperative). By the 

comparison theorem [12],[13], 0 ≤ 𝑋(𝑡) ≤ 𝑌(𝑡) for all 𝑡 ≥ 0. 

Since 𝑌(𝑡) → 0 𝑎𝑠 𝑡 → ∞, it follows that 𝑋(𝑡) → 0. 

Hence, 𝐸(𝑡), 𝐼𝑎(𝑡), 𝐼𝑐(𝑡) → 0 𝑎𝑠 𝑡 → ∞.

Since the quarantine compartment is driven by the chronically infected population, the convergence 

𝐼𝑐(𝑡) → 0 implies that 𝑄(𝑡) → 0. 

Moreover, the equation for the immunized newborn compartment 𝑀 is independent of the infected 

compartments. Therefore, 𝑀(𝑡) → 𝑀0 as 𝑡 → ∞.  

Taking the limit 𝐸 = 𝐼𝑎 = 𝐼𝑐 = 0 and 𝑀 = 𝑀0, the remaining subsystem reduces to 

𝑑𝑆

𝑑𝑡
= (1 − 𝛼)𝜇 + 𝜑𝑀0 + 𝛾𝑅 − (𝜇 + 𝜎)𝑆 

𝑑𝑅

𝑑𝑡
=  𝜎𝑆 − (𝛾 +  𝜇)𝑅 (3.15) 

asymptotically stable. System (3.4) is a linear system with a unique equilibrium (𝑆0,  𝑅0) is globally 

Therefore,  

𝑆(𝑡) → 𝑆0, 𝑅(𝑡) → 𝑅0 𝑎𝑠 𝑡 → ∞. 

Consequently, 

(𝑀(𝑡), 𝑆(𝑡), 𝐸(𝑡), 𝐼𝑎(𝑡), 𝐼𝑐(𝑡), 𝑄(𝑡), 𝑅(𝑡)) → ℰ0 𝑎𝑠 𝑡 → ∞. 
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Therefore, every solution of system (2.1) with an interval condition in the feasible region 𝛤 converges 

to the DFE (ℰ0) whenever ℛ0 < 1. Hence ℰ0 is globally asymptotically stable in  𝛤. 

Existence of Endemic Equilibrium

The endemic equilibrium ℰ∗ = (𝑀∗, 𝑆∗ , 𝐸∗ , 𝐼𝑎∗ , 𝐼𝑐
∗, 𝑄∗ , 𝑅∗) satisfies the steady-state equations of 

system (2.1) with all components positive. 

Solving the equilibrium equations yields the following expressions in terms of force of infection 

𝜆∗ = 𝛽𝑎𝐼𝑎
∗ + 𝛽𝑐𝐼𝑐

∗ (3.16)

𝑀∗ =
𝛼𝜇

𝜑 + 𝜇
, 

𝐸∗ =
𝜆∗𝑆∗

𝜂 + 𝜇
, 

𝐼𝑎
∗ =

𝜂𝜆∗𝑆∗

, (3.17) 

𝐼𝑐
∗ =

(𝜂 + 𝜇)(𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)

𝜂𝜃𝜆∗𝑆∗

, 

𝑄∗ =

(𝜂 + 𝜇)(𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)(𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐)

𝑞𝐼𝑐
∗

𝜓𝑞 + 𝜇
, 

𝑅∗ =
𝜎𝑆∗ + 𝜓𝑎𝐼𝑎

∗ + 𝜓𝑐𝐼𝑐
∗ + 𝜓𝑞𝑄∗

𝛾 +  𝜇
. 

Substituting 𝐼𝑎∗ and 𝐼𝑐∗ into (3.16) and simplifying yields 

1 =
𝜂𝑆∗

(𝜂 + 𝜇)(𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)
[𝛽𝑎 +

𝛽𝑐𝜃

𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐
] (3.18) 

Comparing with the expression for ℛ0 derived in Section 3.2, we obtain 𝑆∗ =
𝑆 0

ℛ0

Since 𝑆∗ > 0 and must be less than 𝑆0, equation 𝑆∗ =
𝑆0

ℛ0
 yields a positive endemic equilibrium if 

and only if ℛ0 > 1. When ℛ0 = 1, we obtain 𝑆∗ = 𝑆0 and 𝜆∗ = 0, which corresponds to the disease-free 

equilibrium. When ℛ0 < 1, we obtain 𝑆∗ > 𝑆0, which is impossible in the feasible 

region 𝛤. Substituting 𝑆∗ =
𝑆0

ℛ0

 back into the 𝑆 equilibrium equation yields a unique 𝜆∗. Hence, the 

endemic equilibrium exists and is unique whenever ℛ0 > 1. 

Theorem 3.3. The system (2.1) has a unique endemic equilibrium if and only if ℛ0 > 1. 
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Sensitivity Analysis

Sensitivity analysis was performed to determine the relative importance of model parameters in driving 

disease transmission and to identify the parameters that should be targeted by intervention strategies. 

Following the approach of [6], we compute the normalized forward sensitivity index of the basic 

reproductive number ℛ0 with respect to each parameter. 

Definition 4.1. The normalized forward sensitivity index of ℛ0 with respect to a parameter 𝑝 is defined as  

𝑍𝑝
ℛ0 =

𝜕ℛ0

𝜕𝑝
×

𝑝

ℛ0

(4.1) 

This index measures the relative change in ℛ0  resulting from a relative change in parameter 𝑝. A positive 

index indicates that increasing the parameter increases ℛ0, whereas a negative index indicates that increasing 

the parameter decreases ℛ0. 

Effect of Immunized Newborns 𝜶 

From equation (3.3), ℛ0 depends on 𝛼 through 𝑆0. Recalling that 

𝑆0 =
(𝛾 +  𝜇)[𝜑 + (1 − 𝛼)𝜇]

(𝜑 + 𝜇)(𝛾 +  𝜇 + 𝜎)
, 

We compute 

𝜕𝑆0

𝜕𝛼
= −

(𝛾 +  𝜇)𝜇

(𝜑 + 𝜇)(𝛾 +  𝜇 + 𝜎)
< 0. (4.2) 

Since 𝑆0 appears linearly in ℛ0, it follows that 

𝜕ℛ0

𝜕𝛼
= [

𝛽𝑎𝜂

𝐾1𝐾2
+

𝛽𝑐𝜂𝜃

𝐾1𝐾2𝐾3
]
𝜕𝑆0

𝜕𝛼
< 0, (4.3) 

Where 𝐾1 = 𝜂 + 𝜇,  𝐾2 = 𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎,  𝐾3 = 𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐. Therefore, 

𝑍𝛼
ℛ0 =

𝜕ℛ0

𝜕𝛼
∙

𝛼

ℛ0
< 0. (4.4) 

Interpretation: Increasing the proportion of immunized newborns 𝛼 reduces the basic reproduction 

number ℛ0, thereby contributing to disease control. 

E ffects of Vaccination Rate   σ

Similarly, 

𝜕𝑆0

𝜕𝜎
= −

(𝛾 +  𝜇)[𝜑 + (1 − 𝛼)𝜇]

(𝜑 + 𝜇)(𝛾 +  𝜇 + 𝜎)2
< 0. (4.5) 
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Thus, 

𝑍𝜎
ℛ0 =

𝜕ℛ0

𝜕𝜎
∙

𝜎

ℛ0
< 0. (4.6) 

Interpretation: Increasing the vaccination rate 𝜎 reduces ℛ0, indicating that vaccination of susceptible 

individuals is an effective control strategy. 

Effects of Treatment Rate 𝝍𝒄 

The parameter 𝜓𝑐 appears in the denominator of the second term of ℛ0: 

𝜕ℛ0

𝜕𝜓𝑐
= −

𝛽𝑐𝜂𝜃𝑆0

𝐾1𝐾2𝐾3
2 < 0. (4.7) 

Therefore, 

𝑍𝜓𝑐

ℛ0 =
𝜕ℛ0

𝜕𝜓𝑐
∙
𝜓𝑐

ℛ0
< 0. (4.8) 

Interpretation: Increasing the treatment rate for chronically infected individuals reduces ℛ0, 

demonstrating the importance of antiviral therapy in controlling HBV. 

Effects of Transmission Rates 𝜷𝒂 and 𝜷𝒄 

For 𝛽𝑎: 

𝜕ℛ0

𝜕𝛽𝑎
=

𝜂𝑆0

𝐾1𝐾2
> 0, (4.9) 

Therefore, 

𝑍𝛽𝑎

ℛ0 =
𝜕ℛ0

𝜕𝛽𝑎
∙
𝛽𝑎

ℛ0
> 0. (4.10) 

For 𝛽𝑐: 

𝜕ℛ0

𝜕𝛽𝑐
=

𝜂𝜃𝑆0

𝐾1𝐾2𝐾3
> 0, (4.11) 

So, 

𝑍𝛽𝑐

ℛ0 =
𝜕ℛ0

𝜕𝛽𝑐
∙
𝛽𝑐

ℛ0
> 0. (4.12) 
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Interpretation: Increasing transmission rates increase ℛ0, promoting disease spread. Therefore, 

interventions that reduce transmission (e.g., behavioral changes, screening) are essential.

Effects of Progression Rate 𝜽 

The parameter 𝜃 represents the progression rate from acute to chronic infection. It appears in both the 

numerator and the denominator: 

𝜕ℛ0

𝜕𝜃
=

𝛽𝑐𝜂𝑆0

𝐾1𝐾2𝐾3
−

𝛽𝑎𝜂𝑆0

𝐾1𝐾2
2 −

𝛽𝑐𝜂𝜃𝑆0

𝐾1𝐾2
2𝐾3

. (4.13) 

The sign of 𝑍𝜃
ℛ0 depends on the parameter values. For typical HBV parameters where 𝛽𝑐 > 𝛽𝑎

(chronic carriers are more infectious due to longer duration), 𝜃 has a positive effect on ℛ0, indicating 

that reducing progression from acute to chronic infection would reduce disease transmission. 

Parameter Sign Interpretation 

𝛼 Negative Increases disease control 

𝜎 Negative Increases disease control 

𝜓𝑐 Negative Increases disease control 

𝛽𝑎 Positive Increases disease spread 

𝛽𝑐 Positive Increases disease spread 

𝜃 Positive Increases disease spread 

𝜑 Positive Increases disease spread 

𝛾 Positive Increases disease spread 

Table 2: Summary of Sensitivity Indices

Numerical Simulations

We validate the analytical results through numerical simulation and use the simulations to examine how 

key intervention parameters shape the transmission dynamics of hepatitis B virus (HBV). We 

solve the system (2.1) with a fourth-order Runge-Kutta scheme. Following the parameter-estimation 

approach of [14], we fit the model using the Grey Wolf Optimizer (GWO) [15], a meta-heuristic 

algorithm inspired by the leadership hierarchy and hunting behavior of grey wolves. Every simulation runs 

over a 200-year horizon to guarantee convergence to equilibrium, starting from normalized initial 

conditions that represent a small perturbation from the disease-free equilibrium. 

Parameter Estimation Using the Grey Wolf Optimizer

We estimate the model's parameters by fitting it to observed case data in order to make sure it 

accurately represents the dynamics of HBV transmission in the real world. 

J. Math. Phys. Mech, Vol.1 Iss.1, November (2026), pp:329-351



Journal of Mathematics, Physics and Mechanics

12

Garba AM

The Gray Wolf Optimizer (GWO) [15], which replicates the social hierarchy and hunting strategy of gray 

wolves, in which the Alpha (𝛼) leads, the Beta (𝛽) supports, the Delta (𝛿) scouts, and the Omega (𝜔) is 

used again in accordance with [14] technique. Tracking and approaching the prey, encircling it, and then 

attacking are the three stages of the hunt [15]. 

The estimation problem is to find the parameter vector: 

𝑈 = (𝛽𝑎 , 𝛽𝑐 , 𝜎, 𝜓𝑎 , 𝜓𝑐 , 𝜓𝑞 , 𝜃, 𝑞, 𝑑𝑎 , 𝑑𝑐 , 𝛼, 𝜑, 𝛾, 𝜂, 𝜇) ∈ ℝ15 

that minimizes the cost function: 

𝑀

𝐽(𝑈) = ∑(𝐼(𝑡𝑗; 𝑈) − 𝐼𝑜𝑏𝑠(𝑡𝑗))
2

𝑗=1

, (5.1) 

where 𝐼(𝑡) = 𝐼𝑎(𝑡) + 𝐼𝑐(𝑡) + 𝑄(𝑡) is the total infected population at time 𝑡, and 𝐼𝑜𝑏𝑠(𝑡𝑗) are the 

observed data points. We ran the GWO algorithm with 25 search agents over 40 iterations. Using 

the parameter bounds in Table 3. 

Parameter Lower Bound Upper Bound 

𝛽𝑎 0.01 0.3 

𝛽𝑐 0.01 0.3 

𝜎 0.01 0.5 

𝜓𝑎 0.05 0.7 

𝜓𝑐 0.01 0.5 

𝜓𝑞  0.01 0.3 

𝜃 0.01 0.3 

𝑞 0.01 0.3 

𝑑𝑎 0.001 0.05 

𝑑𝑐 0.001 0.05 

𝛼 0.01 0.9 
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𝜑 0.01 0.2 

𝛾 0.01 0.2 

𝜂 0.1 0.9 

𝜇 0.001 0.02 

In the absence of Real-world HBV case data for this estimation, so, following [14], we 
generated synthetic “observed” data from a baseline simulation with 5% Gaussian noise added. Figure 
2 shows the calibration results: the GWO algorithm successfully recovers the parameters by minimizing 
the cost function, and its convergence history confirms that it reaches a stable optimum within 40 
iterations. 

Figure 2: Model calibration using the GWO algorithm. The blue line shows the fitted model with optimal 
parameters, the green line shows the true baseline simulation, and the red points mark the synthetic 
observed data with noise. 

Parameter estimation was based on real world HBV data, which were not available, so synthetic “observed” 
data were formed based on a baseline simulation with 5% Gaussian noise on the HBV output. The acquired 
data were then analyzed to compare the effectiveness of the Grey Wolf Optimizer (GWO) in obtaining a set 
of parameters that can mimic the simulated epidemic.  The results of calibration are given in Figure 2. The 
GWO algorithm can find a parameter set which match well with the synthetic observations; the convergence 
history prove that the algorithm stabilizes in 40 iterations. The results in this study have shown the 
numerical feasibility of using the GWO algorithm for the proposed model. 

Table 3: Parameter bounds for GWO estimation
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The use of synthetic data should not be taken as a complete proof of the practical 
parameter identifiability. There is a distinction between synthetic observations and real 
epidemiological observations, although the former generated by the model, they are more 
controlled than the latter. In pattern, it is possible that other sets of parameters can yield similar 
epidemic trajectories, even if only the raw infection counts are available. 

Therefore, the current parameter estimation study should be regarded primarily as a 
numerical example of applicability of the GWO algorithm and the model-fitting procedure rather than a 
proper test of the model. Formal identifiability analysis (both structural and practical) is an important line 
of future research, and a comprehensive identifiability study of the parameters using real HBV data 
still needs to be conducted. 

Baseline Simulation

Using the parameters estimated by the GWO algorithm, we simulate the model to validate the analytical 
results. Figure 3 shows the time series of all seven compartments. With the optimal parameters, the basic 
reproduction number is ℛ0 = 0.8856 < 1, so the disease-free equilibrium is stable. 

As Theorem 3.2 predicts, the infected compartments 𝐸(𝑡), 𝐼𝑎(𝑡), 𝐼𝑐(𝑡) and 𝑄(𝑡) converge to zero as 𝑡 → ∞, 
while the susceptible and recovered populations settle at their equilibrium values 𝑆0 and 𝑅0, respectively. 
The chronic class 𝐼𝑐(𝑡) decays more slowly than the acute class 𝐼𝑎(𝑡), 

consistent with the slower dynamics of HBV chronicity [9]. The quarantine 

tracks 𝐼𝑐(𝑡) with a lag set by the quarantine rate 𝑞. 

compartment 𝑄(𝑡) 

Figure 3: Baseline simulation of the HBV model with ℛ0 = 0.8856 < 1. All infected compartments 
converge to zero, confirming the global stability of the disease-free equilibrium. 

Effects of Vaccination and Treatment Parameters 

To assess the impact of vaccination, we vary the vaccination rate 𝜎 from 0.01 to 0.25, holding all other 
parameters fixed. Table 2 reports the corresponding values of ℛ0. As 𝜎 increases, ℛ0 falls monotonically, 
showing that vaccination is an effective control strategy: once 𝜎 ≥ 0.15, ℛ0 < 1, and the disease is 
eliminated. Figure 4 illustrates this relationship. 
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𝜎 ℛ0 Status 

0.01 1.2656 Endemic 

0.05 0.9817 Endemic 

0.10 0.8856 Free 

0.15 0.8014 Free 

0.20 0.7418 Free 

0.25 0.6303 Free 

Table 4: Effect of 𝜎 (Vaccination Rate) on ℛ0 

Similarly, we vary the treatment rate 𝜓𝑐 from 0.01 to 0.25. Table 3 shows that increasing 𝜓𝑐 reduces 

ℛ0: once  𝜓𝑐 ≥ 0.10, ℛ0 < 1 and the disease is eliminated, underscoring the importance of antiviral 

therapy in controlling HBV. 

 𝜓𝑐 ℛ0 Status 

0.01 1.4252 Endemic 

0.05 0.8735 Free 

0.10 0.7133 Free 

0.15 0.6124 Free 

0.20 0.3998 Free 

0.25 0.3277 Free 

Table 5: Effect of  𝜓𝑐  (Treatment Rate) on ℛ0 

We also examine 𝛼, the proportion of immunized newborns. Table 4 shows that increasing 𝛼 

reduces ℛ0: once 𝛼 ≥ 0.55, ℛ0 < 1, which makes neonatal vaccination a critical intervention. 

𝛼 ℛ0 Status 

0.15 1.0684 Endemic 

0.25 1.0464 Endemic 

0.35 1.0244 Endemic 

0.45 1.0023 Endemic 

0.55 0.9803 Free 

0.65 0.9583 Free 

Table 6: Effect of 𝛼 (Immunized Newborns) on ℛ0 
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Figure 4: Effect of (a) vaccination rate 𝜎, (b) treatment rate  𝜓𝑐, and (c) immunized newborns 𝛼 on the 

basic reproduction number ℛ0. The dashed line marks the threshold ℛ0 = 1. 

Combined Effects of Intervention Parameters 

Following Afolabi et al. [19], we examine how vaccination and treatment jointly affect ℛ0 using a 3D 

surface plot and a contour plot. Figure 4 shows the combined effect of the vaccination rate 𝜎 and 

treatment rate  𝜓𝑐 on ℛ0. The surface plot identifies the parameter space where ℛ0 drops below the 

elimination threshold of 1, and the dashed contour at ℛ0 = 1 splits the parameter space into disease-free 

and endemic regions. 

Neither vaccination nor treatment alone achieves elimination at low coverage; the ℛ0 = 1 threshold curve 

marks the minimum combined level of both interventions needed to eliminate the disease. This finding 

aligns with the WHO 2030 viral hepatitis elimination targets [2] and reinforces the case for integrated 

intervention strategies [7]. 

Figure 5: (a) 3D surface plot showing the combined effect of vaccination rate 𝜎 and treatment rate 𝜓𝑐 on 
ℛ0. (b) Contour plot with the ℛ0 = 1 threshold curve partitioning the parameter space into disease-free 
and endemic regions. 
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Numerical Sensitivity Analysis

Following [14] and [17], we compute the normalized forward sensitivity indices numerically. The 

normalized forward sensitivity index of ℛ0 with respect to a parameter 𝑝 is defined as 

𝛤𝑝
ℛ0 =

𝜕ℛ0

𝜕𝑝
×

𝑝

ℛ0

We compute the numerical sensitivity indices using central finite differences with a 1% perturbation. 
Table 5 lists the sensitivity indices for every parameter that appears in the ℛ0 formula. A positive index 
means the parameter increases ℛ0 as it increases; a negative index means it decreases ℛ0. 

Rank Parameter Sensitivity Index Interpretation 

1  𝜓𝑎 -0.7018 Decreases ℛ0 

2 𝛽𝑎 +0.5190 Increases ℛ0 

3 𝛽𝑐 +0.4810 Increases ℛ0 

4 𝜃 +0.2471 Increases ℛ0 

5 𝑞 -0.2368 Decreases ℛ0 

6 𝜎 -0.1951 Decreases ℛ0 

7 𝛾 +0.1656 Increases ℛ0 

8  𝜓𝑐 -0.1480 Decreases ℛ0 

9 𝜇 -0.0611 Decreases ℛ0 

10 𝑑𝑐 -0.0592 Decreases ℛ0 

11 𝑑𝑎 -0.0351 Decreases ℛ0 

12 𝜂 +0.0164 Increases ℛ0 

13 𝛼 -0.0101 Decreases ℛ0 

14 𝜑 +0.0081 Increases ℛ0 

The acute recovery rate 𝜓𝑎 is the most influential parameter (𝛤 = −0.7018): a 10% increase in the 

treatment of acute cases reduces ℛ0 by approximately 7.02%, acting through both reduced infectiousness 

and reduced progression to the chronic stage. The transmission rates 𝛽𝑎 and 𝛽𝑐 together dominate the 

positive drivers of ℛ0, confirming that reducing exposure remains central to control [10], [11]. The 

chronicity progression rate 𝜃 (+0.2471) ranks fourth, reflecting the unique contribution of the chronic 

stage to transmission — a parameter is absent from Elkhadir et al.’s base model [6]. The quarantine rate 𝑞 

(−0.2368) and prophylaxis rate 𝜎 (−0.1951) rank fifth and sixth, giving quantitative support to 

quarantine-based and prophylaxis-based interventions. 

Table7: Parameter bounds for GWO estimation 
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Figure 6: Tornado plot showing the sensitivity of ℛ0 to model parameters. Parameters with positive indices 
(red) increase ℛ0 as they grow; parameters with negative indices (blue) decrease ℛ0. 

Under enhanced interventions with 𝛼 = 0.8, 𝜎 = 0.3, and 𝜓𝑐 = 0.3, the basic reproduction number falls to 
ℛ0 = 0.203 < 1. Figure 7 shows all infected compartments converging monotonically to zero, confirming 
the global stability of the disease-free equilibrium (Theorem 3.2). This result shows that combining high 
neonatal vaccination coverage, widespread adult vaccination, and effective treatment of chronic cases can 
push ℛ0 well below unity and eliminate the disease. 

Figure 7: Disease-free scenario under enhanced interventions. With 𝛼 = 0.8, 𝜎 = 0.3, and 𝜓𝑐 = 0.3, the basic 
reproduction number falls to ℛ0 = 0.203 < 1. All infected compartments — Exposed 𝐸(𝑡), Acute  𝐼𝑎(𝑡), 
Chronic 𝐼𝑐(𝑡), and Quarantined 𝑄(𝑡) — converge monotonically to zero, confirming the global stability of the 
disease-free equilibrium (Theorem 3.2). 

DISCUSSION

This study created a seven-compartment transmission model for hepatitis B virus (HBV) using vaccination, 
screening, and treatment. This model builds on our understanding of the problem of infection tracking given 
in [6] by introducing the additional classes for acute infection and chronic infection as well as the quarantined 
class (𝑄) beyond infection itself, and the behavior of an infected individual following a positive screening test. 
Unlike the previous models, our model allows the identification of chronic carriers and their subsequent 
removal from the infectious pool by supervised care and behavioral isolation, thus preventing further 
transmission, given a rate 𝑞. This refinement more realistically reflects the natural history of HBV: a short, 
acute class, followed by either clearance of the virus or chronic lifelong carriage [9].

Disease-Free Scenario 
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Our mathematical analysis establishes the following results: 

1. Feasible region: The region 𝛤 is positively invariant and attractive; thus, the model remains

biologically meaningful and mathematically well-posed. The total population 𝑁(𝑡) remains

bounded and converges toward a fixed limit as 𝑡 → ∞.

𝑁(𝑡) ≤ 1, with 𝑁(𝑡) → 1 as 𝑡 → ∞.

2. Disease-free equilibrium: We compute the disease-free equilibrium 𝐸0 explicitly in close form

𝐸0 = (
𝛼𝜇

(𝜑 + 𝜇)
,
(𝛾 +  𝜇)[𝜑 + (1 − 𝛼)𝜇]

(𝜑 + 𝜇)(𝛾 +  𝜇 + 𝜎)
, 0, 0, 0, 0,

𝜎[𝜑 + (1 − 𝛼)𝜇]

(𝜑 + 𝜇)(𝛾 +  𝜇 + 𝜎)
) 

3. Basic reproductive number: Applying the next-generation matrix method [10, 11], we derive ℛ0:

𝛽𝑎𝜂𝑆0

𝜂 + 𝜇 𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎
ℛ0 =

( )( )
+

𝛽𝑐𝜂𝜃𝑆0

(𝜂 + 𝜇)(𝜓𝑎 + 𝜃 + 𝜇 + 𝑑𝑎)(𝜓𝑐 + 𝑞 + 𝜇 + 𝑑𝑐)

 The threshold parameter governs whether the disease persists or dies out. 

4. Local stability: According to Theorem 2 of [10], the disease-free equilibrium is locally asymptotically
stable when ℛ0 < 1 and unstable when ℛ0 > 1, a local condition for disease eradication.

5. Global Stability: Using the comparison theorem [12], [13], we proved that when ℛ0 < 1, the disease-
free equilibrium is globally asymptotically stable in the feasible region 𝛤. This is a stronger result than
local stability: it guarantees that the disease eventually dies out, regardless of the initial number of
infections. The proof is based on the cooperative structure of the relevant matrix and the boundedness
of the susceptible population.

6. Endemic equilibrium: A unique endemic equilibrium exists if and only if ℛ0 > 1. In this regime, the
equilibrium susceptible population and all other compartments remain strictly positive, confirming a
persistent infection state.

7. Sensitivity analysis: The analytical sensitivity indices revealed three parameter classes:

 Parameters with negative sensitivity indices (𝛼, 𝜎, 𝜓𝑐) are natural intervention targets, and
increasing them lowers ℛ0.

 disease spread and should Parameters with positive sensitivity indices (𝛽𝑎 , 𝛽𝑐) drive

be minimized through public health measures.

 Parameters with ambiguous signs (𝜃, 𝜑, 𝛾) require numerical investigations to

determine their actual impact.

The results presented numerically support the theoretical results. The parameter estimation using GWO-
based successfully recovered the model parameters from the synthetic data thus proving the identifiability of 
the model. The results of the parameter variation analysis show that both the vaccination rate 𝜎 and the 
treatment rate 𝜓𝑐 can decrease ℛ0 and the disease is eradicated when both vaccination rate and treatment 
rate are above their respective thresholds: 𝜎 ≥ 0.15 and 𝜓𝑐 ≥ 0.10. 
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The 3D surface plot (Figure 5) also shows that combined interventions lead to viral hepatitis disease 
elimination more efficiently than interventions done alone, in line with the WHO 2030 targets for viral 
hepatitis elimination. The sensitivity analysis shows that the quarantine rate 𝑞 has high impact on the 
dynamics of the disease, and it is higher than the adult vaccination (𝜎) and chronic treatments (𝜓𝑐). This 
indicates that there is a need to identify and manage existing carriers (screening and behavioral isolation) as 
well as a need for long term elimination through prophylaxis. Approximately 2.37% of ℛ0 is reduced if the 
successful linkage to managed care rate (𝑞) increases 10%. 

Increasing rates of 𝛼 (newborn immunization), 𝛿 (adult vaccination), and 𝜓 (treatment) lead to a decrease in 
ℛ0, which mirrors other studies: [6] also showed that ℛ0 decreases with increasing 𝛼, 𝛿 and 𝜓.  Our model 
refines this scenario by distinguishing between acute and chronic infection, allowing interventions to be 
targeted to different disease stages. Further, studies have shown that the last decade has seen a growing focus 
on the role of numerical techniques in HBV modeling. [14] applied 9-compartment model to estimate the 
parameters with GWO in Burkina Faso, and the efficiency of the GWO algorithm was shown. [17] created a 
7-compartment model and employed the 3D surface plots to study the effect of combination of some
parameters on ℛ0. Our results are consistent with these findings and further analysis includes the control 
mechanism of quarantine. 

Comparison with the model of Elkhadir et al.

This study is an extension of the model proposed by [6] for HBV transmission. Their model gives an 
essential perceptivity into the impact of vaccines and treatment on HBV transmission. However, the 
infected population consists of a single infectious compartment, and not all HBV infection cases are 
differentiated between acute and chronic infection. 

In the current study, the infectious population is divided into acute infected (𝐼𝑎) and chronic infected (𝐼𝑐). 
This distinction enables the model to speculate the progression of HBV infection from the acute phase to 
the chronic phase and allows for the impact of interventions to be searched at various stages of the disease. 
Separating the two infectious types allows the model to include split transmission and recovery rates for 
acute and chronic infection. 

Furthermore, a quarantined compartment (𝑄) is added to model the diagnosed chronic individuals who are 
separated from the active infectious population through screening, supervised care, counselling and 
behavioral isolation. This additional compartment allows the possibility to include the potential impact of 
identifying and controlling chronic carriers in the transmission patterns. 

The main difference between the two models is therefore that the model of [6] has only one infected class, 
while the present model has two infected groups (acute and chronic) and has a quarantine class of 
chronic cases that are supervised. As such, the proposed seven-compartment model, 

[𝑀 − 𝑆 − 𝐸 − 𝐼𝑎 − 𝐼𝑐 − 𝑄 − 𝑅], 

provides a more detailed representation of the different stages of HBV infection and the possible effects of 
stage-specific intervention strategies. 

In the discussion, the comparison also brings to the highlight the other epidemiological questions the 
current model focuses on. In the previous model, the effect of vaccination and treatment on overall 
transmission of disease was explored; in the current model, the role of transition from acute to chronic 
disease and the impact of quarantine or managed care on transmission is also explored. The main 
contribution of the present study is the inclusion of these extensions in the fundamental vaccination and 
treatment mechanisms that were considered in the previous model [6]. 
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Screening and management Not explicitly 
represented through a 
quarantine compartment 

Represented through 
movement of chronic cases 
into 𝑄 

Table 8: Comparison table 
The threshold nature of    ℛ0 has important public health implications: When     ℛ0 < 1, the disease-free 
equilibrium is globally stable, HBV can be eliminated from the population regardless of the number of 
people initially infected. This makes it clear why vaccination coverage, treatment rates, and screening 
intensity must be sustained above the levels needed to keep ℛ0 below 1. 

CONCLUSION

This study developed and analyzed a deterministic compartmental model of hepatitis B virus (HBV) 
transmission where there is a distinction between acute and chronic infection, which accounts for the 
earliest immunization of the newborn, vaccination of susceptible population, treatment and treatment 
of known chronic infections. These processes will be analyzed through a mathematical framework, 
provided in the analysis. The main results are summarized below, equally their implications are 
highlighted. 

The basic reproduction number ℛ0 is the quantity that determines the dynamics of the spread of the 
infection in the model. If ℛ0 < 1 (under model assumptions), then each infected person spread less than 
one infection on average, and the infection will not be able to be transmitted. If ℛ0 > 1, then it is possible 
that the transmission of infection may continue, with a unique endemic equilibrium possible in the model. 
Therefore, ℛ0 is a helpful indicator which is based on the effects  of vaccination, treatment of ill people, 
and managing diagnosed cases to  determine if transmission can be brought below the threshold of 
elimination. 

Supporting this interpretation of threshold, the stability analysis is presented. When , the disease-free state 
is locally asymptotically stable while leads to the disease-free state being unstable. In addition, the 
comparison-theorem argument builds a global, asymptotic stability of the disease-free equilibrium in the 
feasible region for disease-free equilibrium, when . Thus, if the threshold is lower than unity, it can be 
shown that under the assumptions of the model, levels of infection will converge towards zero from feasible 
initial levels. If , then a unique endemic equilibrium exists, which means that there is the possibility of an 
infection that is maintained in the population. These results differentiate elimination with persistence 
from.

Model features [6] This study 

Model structure 𝑀 − 𝑆 − 𝐸 − 𝐼 − 𝑅 

Infected population Single infected compartment 

𝑀 − 𝑆 − 𝐸 − 𝐼𝑎 − 𝐼𝑐 − 𝑄− 𝑅

Acute 
and chronic 

compartments 

Supervised chronic cases Not explicitly included Included through 𝑄 

Stage-specific interventions Limited by the single 
infected class 

Acute and chronic stages 
can be considered separately 
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The sensitivity analysis shows such parameters to be those related to the interventions which can lead to a decrease 
in and those related to the transmission which can increase it. Specifically, a greater number of newborn infants who are 
vaccinated (and higher vaccine uptake and therapy rates, respectively) decrease in the model. As opposed, the higher the 
rate of transmission the higher will be the reproduction number. The findings of these results provide support for 
sustaining high timely newborn immunization, providing immunization to those who are susceptible to be immunized, 
and connecting diagnosed individuals who are eligible to be treated with appropriate care. HBV screening can be used 
in addition to vaccination to reach those who may be undiagnosed with HBV and link them to clinical assessment, 
monitoring and treatment as necessary, as HBV can be chronic.

The results of the numerical experiments are consistent with the results of the analytical threshold experiments. In the 
disease-free case, the number of infected compartments wind down towards zero and parameter-variation 
experiments reveal that increasing vaccination and treatment rates can lower . The results from these combined-
intervention plots also show that more than one intervention is needed and a coordinated set of interventions is 
much faster to achieve the threshold when given the assumed parameter values. The parameter-estimations exercise, 
however, was one based on synthetic data rather than real epidemiological data, with noise being added to the 
synthetic data. It therefore provides a numerical illustration of the operation of the fitting procedure and not of 
empirical validation of the model or that all the parameters are of course practically meaningful.

The public health significance is reflected in the need to have a coordinated public health approach not relying 
on a single intervention to control HBV. Providing birth-dosing vaccinations timely and ensuring that the vaccination 
schedule is completed at the correct time, can help prevent new infections. Screening and confirmatory 
evaluations can help detect infections; and appropriate treatment and continued clinical follow-up can minimize 
disease-related risk to a patient for whom an acceptable vaccination has been provided. The spread of the model 
parameters indicates that enhancing vaccination/therapy attributes would move spread into the below region. 
However, the impact a real population will experience will vary according to place, service accessibility, compliance, 
and when, and under what circumstances, the population is affected by the infection. In the currently used model, the 
diagnosed-chronic case compartment accounts for management/removal from the infectious pool which incorporates 
a model element that is not estimated separately: uptake of screening; test sensitivity; delays in linkage-to-care. In the 
future, these factors need to be explicitly included in the model and before quantitative statements regarding the 
effectiveness of screening are made.

This study has two main limitations. First, the parameter-estimation procedure is performed on synthetic data, and not 
on real world HBV epidemiological data. Synthetic data can be used to test the numerical implementation of the 
model and the Grey Wolf Optimizer, but do not necessarily represent the uncertainty, reporting errors, demographic 
variation or heterogeneous transmission patterns of real populations.

Furthermore, the ability of model simulations to fit aggregate synthetic infection data does not alone imply that all model 
parameters are also uniquely identifiable in practice. Model trajectories can be similar for different combinations of 
parameter values, especially if few observations exist. Second, age structure was not included in the present model, 
and this could affect the transmission and disease course of HBV.

Future studies, the model should be calibrated to real-world HBV longitudinal data and formal structural and 
practical parameter-identifiability. Other extensions could include age structure, optimal control strategies to find the 
most cost-effective interventions, stochastic effects to account for uncertainty, and spatial dynamics to explore 
spatial differences in disease transmission. These developments would enable quantitative analysis of the 
mathematical results more directly with respect to public-health programs, and would allow for the potential for 
combinations of vaccination, screening and treatment to be evaluated.
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