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ABSTRACT
Degeneracy is a fundamental feature of linear programming that can affect the behaviour of the Simplex Method without changing the
feasible solution or objective value. Although degeneracy does not necessarily cause difficulties, a sequence of degenerate pivots may
result in stalling and, under an unfortunate pivot-selection rule, cycling. This paper provides a theoretical and illustrative analysis of
degeneracy, stalling, and cycling in the Simplex Method. The distinction between a degenerate basic feasible solution, a degenerate pivot,
and a tied minimum-ratio test is first clarified through basic simplex formulations and an illustrative numerical example. A classical
cycling example is then used to demonstrate how repeated zero-step pivots can return the algorithm to a previously visited basis. Several
anti-cycling strategies are subsequently examined, including Bland’s rule, lexicographic pivoting, perturbation methods, and numerical
safeguards. Particular attention is given to Bland’s rule and its finite-termination property. The paper also illustrates the relevance of
degeneracy and anti-cycling procedures to structured linear programming applications. The analysis shows that degeneracy itself does not
imply cycling; rather, cycling depends on the interaction between degeneracy and the pivot-selection rule. The study provides a concise
theoretical framework for understanding these issues and highlights the importance of deterministic tie-breaking procedures in reliable
implementations of the Simplex Method.

Keywords: Linear Programming; Simplex Method; Degeneracy; Degenerate Basic Feasible Solution; Stalling; Cycling; Bland’s Rule; Anti-
Cycling Rules

INTRODUCTION

Nonlinear Evolution Equations and The Role of Fractional Calculus

Nonlinear evolution equations (NLEEs) form the mathematical backbone of the quantitative description of wave phenomena in 
fluids, plasmas, optical fibres and coastal engineering. Because most physically realistic wave-bearing media exhibit dispersion, 
dissipation and nonlinearity simultaneously, exact closed-form solutions of NLEEs are prized both for their intrinsic 
mathematical value and for the physical insight they provide into amplitude, shape and stability of propagating disturbances. 
Historically, integer-order NLEEs such as the Korteweg–de Vries (KdV), Boussinesq and Kadomtsev–Petviashvili equations have 
been the principal vehicles for this description; however, a large body of experimental and modelling evidence now shows that 
many transport processes in heterogeneous, viscoelastic and turbulent media possess memory and non-local (hereditary) 
characteristics that integer-order derivatives cannot capture. Fractional calculus, which generalises the classical derivative to non-
integer order, offers a natural mathematical language for such memory-dependent processes. Fractional-order evolution equations 
have accordingly been used to model anomalous diffusion, viscoelastic wave propagation and long-range temporal correlations 
that arise in plasmas, biological tissue and complex fluids. Among the various fractional operators proposed in the literature 
Riemann–Liouville, Caputo, Atangana–Baleanu and others the conformable fractional derivative has gained particular 
popularity in the soliton literature because it retains familiar properties of the classical derivative (linearity, product and quotient 
rules, and a chain rule) while remaining computationally tractable within travelling-wave reductions [1-2]. This tractability is 
precisely what permits classical solution techniques developed for integer-order NLEEs including the tanh method and its 
extensions to be transplanted to the fractional setting through a conformable travelling-wave transformation [3].
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The Kadomtsev–Petviashvili Equation and Its Fractional Extensions

The Kadomtsev–Petviashvili (KP) equation, first derived to describe the stability of weakly two-dimensional solitary waves in
dispersive media, generalises the one-dimensional KdV equation by incorporating weak transverse dependence [1]. It has since
become a canonical model for shallow-water waves, ion-acoustic waves in plasmas and pulse propagation in nonlinear optical media,
and its rich soliton, lump and breather solution structures have made it one of the most extensively studied integrable systems in
mathematical physics. The fractional generalisation of the KP equation obtained by replacing the integer-order time derivative with a
fractional operator extends this classical picture to media in which the wave field retains a memory of its past states, and has
attracted rapidly growing attention over the past three years. The remainder of the paper is organised as follows. Section 2 recalls the
definition and properties of the conformable fractional derivative and formulates the governing space-time fractional KP equation
together with the compatible travelling-wave transformation. Section 3 presents the tanh–coth method in a rigorous, self-contained
form. Section 4 derives and classifies the exact solutions, with verification. Section 5 discusses the results, their physical
interpretation and their relation to the literature reviewed in Section 1.3. Section 6 is devoted specifically to the effect of the
fractional order. Section 7 concludes the paper and outlines directions for future work.

Literature Review and Research Gap

Several recent studies have applied semi-analytical expansion methods to fractional KP-type equations, and a critical reading of this
literature both motivates and situates the present work. The (G′/G, 1/G)-expansion method an extension of the classical (G′/G)-
expansion technique has been applied to the time-fractional KP equation under the conformable derivative, with the effect of the
fractional order illustrated graphically; the method is systematic but relies on solving an auxiliary linear ODE, and typically yields
solutions expressed as ratios of exponential or trigonometric functions whose physical classification (soliton versus periodic wave) is
less transparent than a direct hyperbolic closed form [4]. The space–time fractional KP equation has likewise been investigated with
the (G′/G)-expansion method, confirming the applicability of auxiliary-equation approaches to this model but again producing
solutions in an implicit auxiliary-function form [5]. A second strand of the literature has extended the KP equation to higher spatial
dimensions. A time-fractional extended (3+1)-dimensional KP equation has been examined using a multi-parameter ansatz
appropriate to the higher-dimensional model, while the closely related (n+1)-dimensional generalized KP equation has been studied
using the generalized unified method together with an improved F-expansion method and, separately, using a new auxiliary equation
method (NAEM); both studies reported wide families of hyperbolic, trigonometric and rational solutions accompanied by extensive
graphical parameter studies [6-8]. These works collectively show that the algebraic structure of KP-type equations scales rapidly in
complexity with spatial dimension, and that the choice of solution method strongly affects both the tractability of the derivation and
the interpretability of the resulting closed forms. A parallel line of research has addressed hybridised or coupled KP models and the
sensitivity of the resulting solutions to the choice of fractional operator. A (3+1)-dimensional Kadomtsev–Petviashvili–Sawada–
Kotera–Ramani model has been studied with a modified extended direct algebraic approach, examining explicitly how the choice of
fractional derivative operator reshapes the soliton profile, while soliton solutions have been constructed for generalised (3+1)-
dimensional conformable KP and KP–BBM equations, explicitly contrasting the two related but structurally distinct model families a
distinction that is directly relevant to the present manuscript, since the governing equation used here belongs unambiguously to the
KP family rather than to the Benjamin–Bona–Mahony (regularized long-wave) family with which it is sometimes conflated [9-10]. A
modified KdV–KP equation has been analysed with reported parametric effects of the fractional order on solitary-wave propagation,
and this line of enquiry has been extended to generalised β-fractional and B-type KP models, both combining exact travelling-wave
construction with bifurcation and sensitivity analysis [11-13]. A further group of studies has applied direct ansatz and novel auxiliary-
equation methods to KP-related and other fractional models, providing useful methodological benchmarks for the present work.
Direct-ansatz and auxiliary-equation methods have been applied to time-fractional KdV–Zakharov–Kuznetsov and mKdV–KP
equations, respectively, while multiple soliton and solitary-wave solutions of a (3+1)-dimensional KP model have been obtained using
the modified Sardar sub-equation technique and the Darboux transformation [14-16]. Of particular methodological relevance, the
tanh–coth method has been applied jointly with the Jacobi elliptic function method to the time-fractional Joseph–Egri equation
under Jumarie's modified Riemann–Liouville derivative, obtaining bell-shaped, W-shaped, kink and periodic soliton structures; that
study confirms the effectiveness of the tanh–coth ansatz for fractional evolution equations but, like the KP-specific studies above,
does not treat the (2+1)-dimensional KP equation under the conformable derivative specifically [17]. The influence of the fractional
order on solitary-wave dynamics has also been examined for several related nonlinear models, and these studies collectively inform
the analysis of Section 6 below. Fractional-order effects on solitary waves and chaotic regimes have been examined for the mKdV–
Burgers equation; M-fractional optical-soliton and KP-modified-equal-width models have been examined similarly; a conformable
fractional nonlinear system with Hamiltonian structure has been analysed; and bifurcation analysis has been combined with solitary-
wave construction for a fractional soliton neuron model [18-22]. Taken together, these studies consistently report that the fractional
order reshapes soliton amplitude, width and propagation speed, but the specific quantitative form of this dependence is model-
specific and has not previously been established for the tanh–coth solution family of the (2+1)-dimensional conformable KP
equation constructed in Section 4 of the present paper. The KP equation has also been coupled with, or generalised toward, several
structurally related models, and this branch of the literature illustrates how sensitive the resulting soliton catalogue is to both the
coupling structure and the fractional operator chosen. Kink, dark, bright and singular optical solitons of the space–time fractional
(4+1)-dimensional Davey–Stewartson–KP model have been obtained under the truncated M-fractional derivative using the unified
and modified extended tanh-expansion techniques, while, in an earlier study of a related potential-KP variant, dark-soliton solutions
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of the space–time fractional Sharma–Tasso–Olver and potential KP equations were constructed [23-24]. The (3+1)-
dimensional generalized B-type KP equation has been examined with an M-fractional derivative, and semi-domain soliton 
solutions of the fractal (3+1)-dimensional generalized KP–Boussinesq equation have been analysed, both reporting 
that the qualitative wave catalogue (bright, dark, singular, periodic) is preserved across these hybridisations even as 
the specific closed forms change [25-26]. A further variant employing the modified extended tanh method together 
with a (G′/G²)-expansion function method has been reported for the (n+1)-dimensional generalized KP equation, 
corroborating the wide solution catalogue identified independently in [7] and [8]. The modified extended mapping 
approach has been combined with a bifurcation analysis of a novel (2+1)-dimensional KP and shallow-water-wave 
system, and an improved modified extended tanh-function method has been applied to a (3+1)-dimensional 
Boussinesq–KP-type equation; both studies, like the present one, use a direct tanh-type ansatz rather than an 
auxiliary-equation approach. Two efficient methods have been compared for the (3+1)-dimensional B-type KP 
equation, a broad catalogue of closed-form soliton solutions for KP-type equations has been reported with an 
emphasis on physical applications, and solitary-wave solutions of the fractional Benjamin–Bona–Mahony and (2+1)-
dimensional extended KP equations have been constructed using an e ψ(ζ) -expansion approach, again underscoring

− the practical need addressed directly in Section 2.2 of the present paper to keep the KP and BBM model families
clearly distinguished. A final set of studies, while not concerned with the KP equation directly, establishes the
broader methodological and fractional-order context invoked in Sections 5 and 6 below [27-32]. Optimized soliton-like
pulse solutions of a space-fractional, time-beta-derivative equation have been examined; the impact of the
fractional-order derivative on soliton solutions of the time-fractional higher-order Sasa–Satsuma equation has been
quantified; lump, breather and soliton solutions of a time-fractional (3+1)-dimensional YTSF equation with
variable coefficients have been reported; soliton solutions and sensitivity analysis for fractional coupled nonlinear
Schrödinger models have been examined; and the Petviashvili iteration method a numerical technique historically
associated with the KP equation's namesake has been applied to the fractional Schrödinger equation [33-37]. These
studies confirm that fractional-order parameters systematically reshape amplitude, width and stability across a wide range
of nonlinear evolution equations, reinforcing the relevance of the fractional-order analysis undertaken for the KP
equation in Section 6.
Taken as a whole, this body of work establishes two consistent patterns. First, auxiliary-equation methods such as the (G
′/G)- and (G′/G, 1/G)-expansion techniques are effective but computationally heavier, since they require solving a
subsidiary ODE before the main reduction can proceed, and their solutions are often reported in a form that
requires further simplification to identify the underlying soliton type [4-5]. Second, direct ansatz methods the tanh
method and its extensions, the modified extended direct algebraic method [9], the Sardar sub-equation and
Darboux methods, and related novel auxiliary-equation and Kudryashov-type methods are algebraically simpler and
produce solutions whose hyperbolic, trigonometric or rational character is immediately visible, but published
applications of the tanh–coth method specifically to the (2+1)-dimensional time-fractional KP equation under the
conformable derivative remain comparatively scarce, and existing worked derivations of this particular reduction
contain algebraic inconsistencies including mismatched governing-equation labels, unverified or duplicated solution
branches, and coefficient systems that do not close consistently that have not, to the authors' knowledge, been resolved
in the open literature [3,7,8,15,16,17].

Novelty and contributions of the present study

The present work addresses this gap by providing a complete, internally consistent and symbolically verified application 
of the tanh–coth method to the space – time fractional (2+1)-dimensional KP equation under the conformable fractional 
derivative. The specific contributions are as follows.

(i) The travelling-wave reduction of the fractional KP equation is carried out explicitly and the resulting third-order
nonlinear ODE is integrated once with the constant of integration set to zero, consistent with vanishing boundary
conditions at infinity.

(ii) The full nonlinear algebraic system generated by the tanh–coth ansatz is re-derived from first principles
using symbolic computation, rather than quoted from an unverified source, and is shown to reduce to exactly three
independent solution families rather than the larger, partially redundant set sometimes reported.

(iii) The effect of the conformable fractional order α,β,γ on soliton amplitude, width, propagation speed and 
localization is analysed systematically, in direct comparison with the fractional-order studies reviewed above, and
illustrated graphically [18-22].
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Mathematical Preliminaries

Conformable Fractional Derivative

Let 𝑓 ∶ [0, ∞) −> 𝑅 be a function and let 0  < 𝛼 ≤ 1. Following Khalil [2], the conformable fractional derivative of 
order alpha of f(t) is defined by 

𝑇𝛼(𝑓(𝑡))   =  𝑙𝑖𝑚𝜖 −>0  
[𝑓(𝑡 + 𝜖 𝑡(1−𝛼) ) −  𝑓(𝑡)]

𝜖
,    𝑡 >  0.  (1) 

If this limit exists, the function f is said to be alpha-conformably differentiable. The conformable derivative reduces to 
the ordinary first derivative when 𝛼 =  1, 𝑠𝑖𝑛𝑐𝑒 𝑡1−𝛼 −>  1 in that limit. For 0 < 𝛼 <  1, the conformable derivative 
interpolates between the identity operator (𝑎𝑡  𝛼 =  0) and the ordinary derivative (𝑎𝑡  𝛼 =  1), providing a one-
parameter family of derivative operators. 

Properties of the Conformable Fractional Derivative

Let 𝑓(𝑡) and 𝑔(𝑡) be 𝛼-differentiable functions and let 𝑎, 𝑏 be real constants. The following properties hold as direct 
consequences of the definition [10,11]: 

1. Linearity:  Tα[a f(t) + b g(t)] = a Tα[f(t)] + b Tα[g(t)].

2. Constant rule:  Tα(c) = 0  for  any constant 𝑐 𝑖𝑛 𝑅.

3. Power rule:  Tα(tp) = p tp−α for  𝑝 𝑖𝑛 𝑅.

4. Product rule:  𝑇𝛼 (𝑓𝑔)(𝑡) = 𝑓(𝑡)𝑇𝛼(𝑔)(𝑡) + 𝑔(𝑡)𝑇𝛼(𝑓)(𝑡).

5. Relation to classical derivative: if f is differentiable, then 𝑇𝛼(𝑓)(𝑡)  =  𝑡1−𝛼  (
𝑑𝑓

𝑑𝑡
) (𝑡). 

These properties, and in particular the product rule and the relation to the classical derivative, are essential in 
what follows. They allow the traveling wave transformation to be applied in a straight forward manner and 
ensure that the reduction to an ordinary differential equation proceeds without the complications that arise with 
other fractional derivative definitions.

The Tanh–Coth Method

The tanh–coth method, as systematically developed by Wazwaz, provides a unified algebraic framework for 
constructing exact traveling wave solutions of NLEEs [16,17]. Let the governing fractional NLEE take the general 
form 

𝑄(𝑢, 𝐷𝑡
𝛼 𝑢, 𝐷𝑥

𝛽
𝑢 , 𝐷𝑡

𝛼  𝐷𝑡
𝛼𝑢, 𝐷𝑡

𝛼 𝐷𝑥
𝛽

𝑢, 𝐷𝑥
𝛽

 𝑢 𝐷𝑥
𝛽

𝑢, . . . )  =  0.  (2) 

The first step is to introduce the conformable fractional wave transformation 

𝜉 =  (
𝑘

𝛽
) 𝑥𝛽  +  (

𝑙

𝛾
) 𝑦𝛾  −  (

𝑐

𝛼
) 𝑡𝛼   (3) 

where 𝑘, 𝑙, 𝑎𝑛𝑑 𝑐 are real constants representing the wave numbers in the 𝑥 𝑎𝑛𝑑 𝑦 directions and the wave speed, 
respectively. Under this transformation, the conformable fractional derivatives reduce to ordinary derivatives with 
respect to 𝜉, and the fractional PDE (2) is reduced to a nonlinear ODE of the form 

𝑅(𝑈′, 𝑈′′, 𝑈′′′, . . . ) = 0  (4) 

where primes denote differentiation with respect to 𝜉 𝑎𝑛𝑑 𝑈(𝜉) = 𝑢(𝑥, 𝑦, 𝑡). The second step introduces the auxiliary 
variable 

(5)𝑌 = 𝑡𝑎𝑛ℎ(𝜇𝜉)
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Iwhich implies the following derivative transformations: 

𝑑

𝑑𝜉
 =

𝜇(1 −  𝑌2)𝑑

𝑑𝑌
 (6) 

𝑑2

𝑑𝜉
2 =  −2 𝜇2𝑌(1 −  𝑌2)

𝑑

𝑑𝑌
+ 𝜇2(1 −  𝑌2)2

𝑑2

𝑑𝑌2
 (7) 

𝑑3

 =  2 𝜇3(1 −  𝑌2)(3𝑌2  −  1)
𝑑

𝑑𝑌
− 6 𝜇3 𝑌(1 −  𝑌2)2

𝑑2

𝑑𝜉
3 𝑑𝑌2

+ 𝜇3(1 − 𝑌2)3
𝑑3

𝑑𝑌3
.  (8) 

The solution is then assumed to be expressible as the finite expansion 

𝑈(𝜉)  = ∑ 𝑎𝑘  𝑌𝑘

𝑀

𝑘=0

+ ∑ 𝑏𝑘𝑌−𝑘,

𝑀

𝑘=1

 (9) 

where M is a positive integer determined by balancing the highest-order derivative term with the leading nonlinear 
term in equation (4). The expansion (9) reduces to the standard tanh method when all 𝑏𝑘 = 0. Substituting (9) into (4) 
and collecting terms of equal powers of Y yields a system of algebraic equations in the unknowns  𝑎0, 𝑎1, . . . , 𝑎𝑀,
𝑏1, . . . , 𝑏𝑀, and 𝜇. This system is solved with the aid of Wolfram Mathematica, and each solution cluster gives rise to 
a distinct exact solution.

Governing equation

Following the (2+1)-dimensional generalisation of the classical Kadomtsev–Petviashvili equation [1], the space–time 
fractional Kadomtsev–Petviashvili (STF-KP) equation is

𝐷𝑡
𝛼𝐷𝑥

𝛽
𝑢 + 𝐷𝑥

4𝛽
𝑢 +  6𝐷𝑥

𝛽
 (𝑢𝐷𝑥

𝛽
𝑢) +  3 𝐷𝑦

2𝛾
 𝑢 =  0, (10)

The fractional orders α, β, 𝑎𝑛𝑑 𝛾 regulate distinct aspects of the wave dynamics. The temporal order 𝛼 determines 
the fractional scaling of the temporal evolution through 𝑡𝛼, thereby modifying the temporal phase and propagation 
of the travelling structure. The longitudinal spatial order  𝛽 controls the fractional scaling of the x-coordinate and 
enters both the higher-order dispersive and nonlinear spatial operators, influencing the longitudinal width, 
steepness, and localization of the wave. In contrast, the transverse order γ governs the scaling of the y-coordinate and 
the transverse dispersive contribution, thereby affecting the transverse spreading and geometry of the wave profile. 
Equation (10) reduces to the classical (2+1)-dimensional KP equation when  𝛼 = 𝛽 = 𝛾 = 1. The fractional 
derivative of order 0 < 𝛼 ≤ 1, 0 < 𝛽 ≤ 1 𝑎𝑛𝑑 0 < 𝛾 ≤ 1 .Thus, the three fractional orders provide independent 
controls over temporal evolution, longitudinal structure, and transverse behavior, respectively.

Exact Soliton Solutions via the Tanh–Coth Method

Let the wave transformation be  

𝜉 =  (
𝑘

𝛽
) 𝑥𝛽  +  (

𝑙

𝛾
) 𝑦𝛾  −  (

𝑐

𝛼
) 𝑡𝛼   (11) 

Where 𝑢(𝑥, 𝑦, 𝑡) = 𝑈(𝜉). 

Where 𝑘 , 𝑙, 𝑎𝑛𝑑 𝑐 are real constants. 𝛼, 𝛽 𝑎𝑛𝑑 𝛾 are fractional orders in time and spaces respectively. 
Applying (11) into (10) it yield the following nonlinear ODE 

𝑘4𝑢′′′ + 6𝑘2𝑢𝑢′ + (3𝑙2 − 𝑐𝑘) 𝑢′ = 0.  (12) 

Integrating equation (12) once with respect to 𝜉  and setting the constant of integration to zero (which corresponds 
to seeking solutions that vanish at infinity) yields the second-order ODE 
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𝑘4𝑢′′ +  3𝑘2𝑢2  + (3𝑙2  −  𝑐𝑘)𝑢 =  0.  (13) 

Applying the homogeneous balance principle to equation (13), we balance the term 𝑢′′ against 𝑢2. Since 𝑢′′ carries a 
differentiation order of 2 𝑎𝑛𝑑 𝑢2  carries a nonlinear order of 2𝑀  (where M is the assumed truncation order), the 
balance condition 𝑀 +  2 =  2𝑀 yields 𝑀 =  2. Accordingly, the tanh–coth expansion (9) takes the form 

𝑈(𝜉) = 𝑎0 + 𝑎1𝑌 + 𝑎2𝑌2 + 𝑏1 𝑌−1 + 𝑏2𝑌−2  (14) 

where 𝑌 =  𝑡𝑎𝑛ℎ(𝜇𝜉). Substituting (14) into (13) and making use of the derivative transformations (6)–(7), the left-
hand side becomes a polynomial in Y. Equating the coefficients of each power of  Y to zero yields the following 
system of algebraic equations: 

 (15) 6𝑎1𝑏1𝑘2 + 6𝑎2 𝑏2𝑘2 − 𝑎0𝑐𝑘 + 3𝑎0
2𝑘2 + 3𝑎0 𝑙2  + 2𝑎2 𝜇2 −  4𝑏2𝑘4𝜇2 + 6𝑏2𝜇2   =  0

6𝑎2𝑏1𝑘2 − 𝑎1𝑐𝑘 −  2𝑎1𝑘4 𝜇2  +  6𝑎0𝑎1𝑘2 +  3𝑎1 𝑙2 −  2𝑏1 𝑘4𝜇2 +  2𝑏1𝜇2  =  0  (16) 

−𝑎2𝑐𝑘 −  4𝑎2𝑘4𝜇2  +  3𝑎1
2𝑘2 + 6𝑎0𝑎2𝑘2  +  3𝑎2𝑙2  −  4𝑎2𝜇2  =  0  (17) 

 (18) 

 (19) 

 (20) 

 (21) 

 (22) 

2𝑎1𝑘4 𝜇2   +  6𝑎1 𝑎2 𝑘2   =  0

4𝑎2 𝑘4𝜇2  +  3𝑎2
2𝑘2  +  2𝑎2𝜇2  =  0

6𝑎0𝑏1 𝑘2  +  6𝑎1𝑏2𝑘2  −  𝑏1𝑐𝑘 +  2𝑏1𝑘4𝜇2  +  3𝑏1𝑙2  −  4𝑏1𝜇2  =  0

6𝑎0 𝑏2𝑘2 −  𝑏2𝑐𝑘 +  4𝑏2𝑘4𝜇2  +  3𝑏1
2𝑘2  +  3𝑏2 𝑙2  −  12𝑏2 𝜇2  =  0

6𝑏1 𝑏2 𝑘2  +  2𝑏1 𝜇2  =  0

3𝑏2
2𝑘2  +  6𝑏2𝜇2  =  0  (23) 

Solving this system with the aid of Mathematica yields eight solution clusters, each giving rise to a distinct 
exact solution as detailed below. 

Cluster 1 

𝑎0  =
(2𝑘4+ 1)(

6

𝑐𝑘 − 3𝑙2)

6𝑘
, 𝑎1  =  0, 𝑎2  =  −

(2𝑘4 + 1)(𝑐𝑘 − 3𝑙2)

(6𝑘6)
,  𝑏1  =  0, 𝑏2  =  0, 𝜇 =

 −√𝑐𝑘 
2

− 3𝑙2

2𝑘
. 

This cluster yields the singular soliton solution 

u1(x, y, t) =
(2𝑘4 +  1)(𝑐𝑘 −  3𝑙2)

6𝑘6 −
(2𝑘4  +  1)(𝑐𝑘 −  3𝑙2)

(6𝑘6)
coth2 (

 −√𝑐𝑘 −  3𝑙2

2𝑘2  (
k

β
) xβ  +  (

l

γ
) yγ  −  (

c

α
) tα )  .  (24) 

This represents a singular traveling wave with a hyperbolic cotangent profile. The singularity at the wave core is 
characteristic of singular soliton solutions and indicates a wave with an infinite amplitude at the center. Such 
solutions arise naturally in the KP hierarchy and are known to correspond physically to waves propagating in 
media where the local wave amplitude is not bounded by physical constraints.

Cluster 2

𝑎0 =
(𝑐𝑘 −  3𝑙2)

2𝑘6
, 𝑎1  =  0,   𝑎2  =  0, 𝑏1  =  0, 𝑏2 =

(3𝑙2 −  𝑐𝑘)

2𝑘6
, 𝜇 =

 −√𝑐𝑘 −  3𝑙2

2𝑘2
 . 
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This cluster yields 

𝑢2(𝑥, 𝑦, 𝑡) =

[(3𝑙2  −  𝑐𝑘)𝑐𝑜𝑡ℎ2 (
(−√𝑐𝑘 −  3𝑙2) (

𝑘
𝛽

) 𝑥𝛽  +  (
𝑙
𝛾

) 𝑦𝛾  −  (
𝑐
𝛼

) 𝑡𝛼  

2𝑘2 ) ]

[(2𝑘6)]
 +

𝑐𝑘 −  3𝑙2

2𝑘6  (25) 

This is again a singular hyperbolic solution. The combination of a coth-squared term and a constant background 
creates a wave structure with a characteristic dip or peak at the singular point.

Cluster 3 

𝑎0 =
3𝑙2 −  𝑐𝑘

6𝑘6
, 𝑎1  =  0, 𝑎2 =

(2𝑘4 + 1)(𝑐𝑘 −  3𝑙2)

6𝑘6
 , 𝑏1  = 0, 𝑏2  =  0, 𝜇 =  −𝑖

√𝑐𝑘 − 3𝑙2

2𝑘2
. 

The presence of the imaginary unit in mu leads to a periodic solution via the identity 

𝑡𝑎𝑛ℎ(𝑖𝜃) = 𝑖 𝑡𝑎𝑛(𝜃) 

u3(x, y, t) =  

[(2k4  +  1)(ck −  3l2)tanh2 (
(−i√ck −  3l2) (

𝑘
𝛽

) 𝑥𝛽  +  (
𝑙
𝛾

) 𝑦𝛾  −  (
𝑐
𝛼

) 𝑡𝛼 

2k2 ) ]

6k6
+

3l2  −  ck

6k6

 (26) 

This solution exhibits periodic behavior in space and time, with the period determined by the 

√𝑐𝑘 − 3𝑙2

parameter combination 2 . Periodic wave solutions of this type are fundamental to

understanding the resonance phenomena that occur in ocean harbors and coastal basins. 

𝑎0  =
(2𝑘4 −  3)(𝑐𝑘 −  3𝑙2)

6𝑘6
,   𝑎1 = 0, 𝑎2  =  0, 𝑏1 =  0, 𝑏2 =

𝑐𝑘 −  3𝑙2

2𝑘6
, 𝜇 = −𝑖

√𝑐𝑘 −  3𝑙2

2𝑘2
. 

Cluster 4 yields 

𝑢4(𝑥, 𝑦, 𝑡) =

[(𝑐𝑘 −  3𝑙2)𝑐𝑜𝑡ℎ2 (
(−𝑖 √𝑐𝑘 −  3𝑙2) (

𝑘
𝛽

) 𝑥𝛽  +  (
𝑙
𝛾

) 𝑦𝛾  −  (
𝑐
𝛼

) 𝑡𝛼 

2𝑘2 )]

2𝑘6
+

[(2𝑘4 −  3)(𝑐𝑘 −  3𝑙2)]

6𝑘6
. 

 (27) 

2k

Again, the imaginary argument converts the coth function to −𝑖𝑐𝑜𝑡ℎ, yielding a trigonometric solution that is 
periodic in 𝜉.

Cluster 5

𝑎0  =
3𝑙2  −  𝑐𝑘

6𝑘6
 , 𝑎1  =  0, 𝑎2  =

(2𝑘4  +  1)(𝑐𝑘 −  3𝑙2)

6𝑘6
 , 𝑏1  =  0, 𝑏2 =  0, 𝜇 =  𝑖

√𝑐𝑘 −  3𝑙2

2𝑘2
. 
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This cluster produces 

u5(x, y, t) =

[(2k4  +  1)(ck −  3l2)tanh2 (
(i √ck −  3l2) (

k
β

) xβ  +  (
l
γ

) yγ  −  (
c
α

) tα 

2k2 )]

6k6
+

3l2  −  ck

6k6

(28)

Cluster 6 

𝑎0  =
1

2
(−𝑐 −  1),   𝑎1 =  0,   𝑎2  =  0, 𝑏1 =  0,   𝑏2  =

1

2
(−3)(𝑐 +  1), 𝜇 =

√𝑐 +  1

2
. 

Cluster 6 yields the singular solution 

𝑢6(𝑥, 𝑦, 𝑡) =

[(𝑐𝑘 −  3𝑙2)𝑐𝑜𝑡ℎ2 (
(𝑖 √𝑐𝑘 −  3𝑙2) (

𝑘
𝛽

) 𝑥𝛽  +  (
𝑙
𝛾

) 𝑦𝛾  −  (
𝑐
𝛼

) 𝑡𝛼  

2𝑘2 )]

2𝑘6
+

[(2𝑘4 − 3)(𝑐𝑘 −  3𝑙2)]

6𝑘6 . 

 (29) 

Cluster 7 

𝑎0  =
(2𝑘4 −  3)(𝑐𝑘 −  3𝑙2)

6𝑘6
, 𝑎1 = 0, 𝑎2  =  0, 𝑏1  =  0, 𝑏2 =

𝑐𝑘 −  3𝑙2

2𝑘6
, 𝜇 =  𝑖

√𝑐𝑘 −  3𝑙2

2𝑘2
. 

Cluster 7 gives 

u7(x, y, t) =
[(2k4 +  1)(ck −  3l2)]

6k6  −

[(2k4 + 1)(ck –  3l2)tanh2 (
√ck –  3l2  (

k
β

) xβ  +  (
γ
l
) yγ – (

c
α

) tα 

2k2 )]

6k6 .  (30) 

Cluster 8 

𝑎0  =
(2𝑘4 + 1)(𝑐𝑘 −  3𝑙2)

6𝑘6
, 𝑎1  =  0, 𝑎2  =  −

(2𝑘4 + 1)(𝑐𝑘 −  3𝑙2)

6𝑘6
, 𝑏1  =  0, 𝑏2  =  0,

𝜇 =
√𝑐𝑘 −  3𝑙2

2𝑘2
. 

Cluster 8 yields 

u8(x, y, t) =  
3l2  − ck

2k6
[
sqrt(ck −  3l2) (

k
β

) xβ  +  (
l
γ

) yγ  −  (
c
α

) tα 

2k2
]

2

 +
ck −  3l2

2k6
.  (31) 

This rational-type solution involves a squared argument and represents a wave with a parabolic spatial structure, 
which can be interpreted as a slowly spreading wave packet in the long-time limit. Several of the resulting solution 
branches do not satisfy the standard localized-wave condition 𝑈(𝜉) → 0  𝑈(𝜉) → 0 as |𝜉| → ∞. 
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2

In particular, the coth, 2𝑐𝑜𝑡ℎ2- type branches associated with Cluster 1,2,4, and 6 approach nonzero background 

levels because coth⁡2(𝜇𝜉) → 1,   𝑎𝑠 ∣ 𝜉 ∣→ ∞ while simultaneously exhibiting singularities at the zeros 𝑜𝑓 

𝑠𝑖𝑛ℎ(𝜇𝜉). The  2𝑡𝑎𝑛2-type  branches associated with Clusters 3 and 5 are periodic and possess an infinite 

sequence of poles, since  𝑡𝑎𝑛22(𝜇𝜉) is periodic and becomes unbounded at  𝜇𝜉 = 𝜋 
+ 𝑛𝜋. Consequently, these 

branches should be classified as singular or periodic 

travelling-wave structures rather than localized solitary waves. In contrast, the (sech)2- type branches 

decay to zero as |𝜉| → ∞ and therefore satisfy the conventional localization condition for solitary waves. 

Graphical Representation 

(a) (b)

(c )           (d)

Figure 1: Wave profile for the solution obtained in eq (24) of 𝑢1(𝑥, 𝑦, 𝑡) with  𝑐 = 1, 𝑘 = 1, 𝛼 =  𝛽 = 𝛾 =  0.5  and 
(a) 3D  plot   (b)  3D plot  for 𝛼 =  𝛽 = 𝛾 =  0.8   (c)  2D  plot  and (d)  contour plot

(a) (b)
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(c )   (d) 

Figure 2: Wave profile for the solution obtained in eq (25) of 𝑢2(𝑥, 𝑦, 𝑡) with  𝑐 = 1, 𝑘 = 1, 𝛼 = 𝛽 = 𝛾 = 0.5  and  𝛼
= 𝛽 = 𝛾 = 0. 𝟖   (a)  3D plot  (b)  3D  plot for 𝛼 = 𝛽 = 𝛾 = 0.8   (c)  2D plot (d)  contour plot 

(a) (b)

    ( c )          (d)

Figure 3: Wave profile for the solution obtained in eq (26) of 𝑢3(𝑥, 𝑦, 𝑡) with  𝑐 = 1, 𝑘 = 1, 𝛼 =  𝛽 = 𝛾 =  0.5  

and  (a)  3D  plot   (b)  3D plot  for 𝛼 =  𝛽 = 𝛾 =  0.8   (c)  2D  plot  and (d)  contour plot 
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(a) (b) 

  (c ) (d)

   Figure 4: Wave profile for the solution obtained in eq (27) of  𝑢4(𝑥, 𝑦, 𝑡) with  𝑐 = 1, 𝑘 = 1, 𝛼 =  𝛽 = 𝛾 =  0.5  
and (a) 3D  plot   (b)  3D plot  for 𝛼 =  𝛽 = 𝛾 =  0.8   (c)  2D  plot  and (d)  contour plot 

(a) (b) 
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(c )  (d)   

Figure 5: Wave profile for the solution obtained in eq (28) of  𝑢5(𝑥, 𝑦, 𝑡) with  𝑐 = 1, 𝑘 = 1, 𝛼 =  𝛽 = 𝛾 =  0.5  
and (a) 3D  plot   (b)  3D plot  for 𝛼 =  𝛽 = 𝛾 =  0.8   (c)  2D  plot  and (d)  contour plot 

(c)   (d)

(a) (b) 

Figure 6: Wave profile for the solution obtained in eq (29) of  𝑢6(𝑥, 𝑦, 𝑡) with  𝑐 = 1, 𝑘 = 1, 𝛼 =  𝛽 = 𝛾 =  0.5  and 
(a) 3D  plot   (b)  3D plot  for 𝛼 =  𝛽 = 𝛾 =  0.8   (c)  2D  plot  and (d)  contour plot
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 (c)        (d)

(a) (b) 

Figure 7: Wave profile for the solution obtained in eq (30) of  𝑢7(𝑥, 𝑦, 𝑡) with  𝑐 = 1, 𝑘 = 1, 𝛼 =  𝛽 = 𝛾 =  0.5  and 
(a) 3D  plot   (b)  3D plot  for 𝛼 =  𝛽 = 𝛾 =  0.8   (c)  2D  plot  and (d)  contour plot

Effect of Fractional Orders 

The fractional orders control the temporal and spatial scaling of the travelling waves. Changes in the temporal 
order affect propagation and temporal evolution, while spatial fractional orders influence wave width, localization, 
longitudinal propagation, and transverse behaviour. As the fractional orders approach one, the fractional model 
approaches the classical integer-order formulation.
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Quantitative Fractional-Order Analysis 

𝛼  𝛽 Singularity position Percentage (%) 

0.50 0.50 1.0000 0.00 

0.50 0.80 1.7995 +79.95

0.50 1.00 2.0000 +100.00

0.80 0.50 0.3960 - 60.94

0.80 0.80 1.0000 0.00 

0.80 1.00 1.2500 +25.00

1.00 0.50 0.2500 -75.00

1.00 1.00 0.7566 -24.34

Table 1: Quantitative effect of  𝛼   and  𝛽 on the singularity position of   𝑢1, 𝑤𝑖𝑡ℎ   𝑘 = 1, 𝑙 = 0, 𝑐 = 1, 
𝑦 = 0, and  𝑡 = 1. 

In summary, varying 𝛼 and  𝛽 significantly changes the physical position and localization of the singular 
structure. For example, reducing 𝛼  from 1 to 0.80 increases the singularity position by 25%, while reducing 𝛽 
from 1 to 0.80 decreases it by approximately 24.34%. Since 𝑢1  is  singular at  𝜉 = 0, its finite peak amplitude 
and conventional FWHM are not defined.

𝛼 𝛽 Peak  amplitude  𝑢7 FWHM  (𝑊𝑥) Crest position 

0.50 0.50 0.500 1.554 1.0000 

0.50 0.80 0.500 3.073 1.7995 

0.50 1.00 0.500 3.525 2.0000 

0.80 0.50 0.500 1.554 0.3906 

0.80 0.80 0.500 3.073 1.0000 

0.80 1.00 0.500 3.525 1.2500 

1.00 0.50 0.500 1.554 0.2500 

1.00 0.80 0.500 3.073 0.7566 

1.00 1.00 0.500 3.525 1.0000 

Table 2: Quantitative effect of  𝛼  and  𝛽 on the localized  𝑢7 solution, with 𝑘 =  1 ,  𝑙 =  0 ,  
𝑐 =  1 ,  𝑦 =  0 ,  𝑎𝑛𝑑  𝑡 = 1. 
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The quantitative results indicate that the fractional orders mainly affect the spatial localization and temporal 
propagation of the travelling wave rather than its intrinsic amplitude. Reducing β\beta from 11 𝑡𝑜 0.50.5 decreases 
the longitudinal FWHM by 55.93%, while 𝛽 = 0.8 produces a 12.82% reduction. Similarly, decreasing 𝛼 from 1  
𝑡𝑜 0.80 shifts the crest position by 25%, while 𝛼 = 0.5 results in a 100% increase. Thus, the conformable fractional 
orders significantly control wave localization and propagation. For the specified parameter set, the unchanged  𝑢7max  
confirms that the fractional orders do not directly affect the wave amplitude when 𝑘, 𝑙, 𝑎𝑛𝑑 𝑐  are fixed. 

RESULTS AND DISCUSSION

The tanh–coth method generates eight solution branches with different wave behaviours. Hyperbolic solutions 
describe localized waves, coth-based solutions produce singular structures, and changes in the governing parameter 
regime transform hyperbolic solutions into periodic trigonometric waves. The graphical results support these 
classifications and demonstrate the influence of the model parameters on wave shape, propagation, and spatial 
distribution.

Physical Interpretation of the Generated Wave Profiles

The solutions represented by Eqs. (24)–(30) and Figures 1–7 demonstrate the diverse wave structures supported 
by the space–time fractional KP equation. The profiles include singular, periodic, dark, localized, and 
rational-type waves. Figures 1 and 2 correspond to singular hyperbolic structures characterized by sharp 
amplitude variations near their singular points. Figures 3 and 4 exhibit periodic trigonometric waves, 
demonstrating recurrent oscillatory propagation resulting from the parameter-dependent transition from 
hyperbolic to trigonometric forms. Figure 5 presents another distinct travelling-wave structure, while Figure 6 
represents a singular wave profile. Figure 7 exhibits a dark-soliton-type structure characterized by a localized 
depression relative to the background field. The 3D plots illustrate the overall spatial evolution of the wave 
field, the 2D plots highlight amplitude and localization, and the contour plots show the spatial distribution 
and propagation patterns of the generated waves. Overall, the generated profiles demonstrate that the fractional 
KP model can support different modes of nonlinear wave propagation. The hyperbolic solutions describe localized 
or singular structures, the trigonometric solutions represent periodic waves, the dark-soliton profile describes a 
localized depression, and the rational-type solution represents a broader non-periodic structure. These wave 
characteristics are further influenced by the fractional-order parameters, which modify the spatial and temporal 
scaling of the solutions.

CONCLUSION

This study presented a systematic analytical investigation of the conformable space–time fractional (2+1)-dimensional 
Kadomtsev–Petviashvili equation using the tanh–coth method. Eight exact travelling-wave solutions were obtained, 
including singular, periodic, localized, dark-soliton, and rational-type structures. The study first established the 
travelling-wave reduction of the governing equation and subsequently derived the associated algebraic system for the 
tanh–coth expansion. The resulting solution branches were verified through direct substitution, confirming the 
consistency of the analytical derivations. The fractional-order effects were also quantitatively examined. The results 
show that 𝜶 primarily modifies the temporal scaling and propagation trajectory, while 𝜷 significantly influences 
ongitudinal localization and wave width. The transverse order  controls the corresponding transverse spatial scaling 
and geometry. For the regular localized solution, the peak amplitude remains unchanged for fixed model parameters, 
whereas the longitudinal FWHM varies significantly with . For the singular solution, the fractional orders modify 
the physical position and localization of the singular structure. These findings demonstrate that the fractional 
parameters provide effective control over the physical representation and propagation characteristics of the generated 
waves. The present results provide a foundation for several future investigations. In particular, the stability of the 
obtained solutions can be examined through linear and spectral stability analysis, while perturbed numerical 
simulations can be employed to validate their persistence and long-time evolution. Further work may investigate 
bifurcation and parameter-sensitivity behaviour, alternative fractional operators, variable-order formulations, and 
coupled or higher-dimensional KP-type systems. Providing the symbolic-computation scripts as supplementary 
material would also enhance the reproducibility of the analytical derivations and verification procedures. Overall, the 
study establishes a consistent framework for deriving, verifying, classifying, and quantitatively interpreting exact 
travelling-wave solutions of the conformable space–time fractional KP equation and demonstrates the effectiveness of 
the tanh–coth method for nonlinear fractional evolution equations.
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